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Abstract 

We study the two-loop interactions in 50(32) heterotic superstring 
theory in Z)=10. By using the generalized Riemann identity we are able 
to determine the single-trace part of the effective action up to a few 
constants which are related to certain scattering amplitudes. This two- 
loop heterotic result is related by duality to Type I interactions at the 
tree level. However, it turns out to be completely different from any 
sort of non-Abelian generalization of Born-Infeld theory. We offer an 
explanation of this discrepancy. 



* Research supported in part by the National Science Foundation under grant PHY-99- 
01057, the Deutsche Forschungsgemeinschaft (DFG), and the German-Israeli Foundation 
(GIF). 



1 Introduction 



Most of the recent progress in superstring theory accomphshed by using 
various duahty conjectures has been hmited to the physics of BPS states. 
It is very encouraging that certain physical quantities are completely 
controlled by short BPS supermultiplets. Typically, such quantities are 
highly constrained (or even uniquely determined) by supersymmetry and 
are related to anomalies and topological amplitudes. An important ques- 
tion arises to what extent duality symmetries can be tested, or used as 
a tool, at the more advanced level of full-fledged superstring dynamics 
involving both short and long supermultiplets. 

There is a long-standing problem in Type I superstring theory which 
has been waiting for this type of treatment. It is well known that the clas- 
sical action for constant electromagnetic fields associated to the Cartan 
subalgebra of SO (32) gauge group generators is described by Born-Infeld 
electrodynamics The problem is to determine the full 5*0(32) non- 
Abelian Born-Infeld (NBI) Lagrangian. The solution should have the 
following properties. First, since the gauge bosons couple to the bound- 
ary of a disk, it can be written as a single trace of Chan-Paton matrices 
in the defining representation. In the limit of weak field strength F, this 
would give an expansion of the form Tr^^Q hnF"^^ with some constant 
coefficients 6„. Finally, when F's are restricted to the Cartan subalgebra, 
one should recover the Born-Infeld Lagrangian. Soon after Type I - het- 
erotic duality was conjectured |Q, ^, Tseytlin [Q] pointed out that Type I 
tree- level -F^" interactions appear on the heterotic side at genus g = n—1. 
For instance, the classical F'^ interactions of open superstrings are re- 
lated to the one-loop elliptic genus of the heterotic superstring |^ ^. 
With some little optimism, one could try to go to higher genus in order 
to obtain further terms in the expansion of the non-Abelian Born- 
Infeld action. The reason why some optimism is needed is that Type I - 
heterotic correspondence is a strong-weak coupling duality so it is guar- 
anteed to work in a straightforward manner only for "BPS-saturated" 
quantities that are subject to non-renormalization theorems. An order 
by order comparison of generic quantities can be more subtle, neverthe- 
less it is more interesting because renormalized quantities are usually not 
as much restricted by (super)symmetries as the non-renormalized ones. 

Keeping all these reservations in mind, we present in this paper an 
analysis of F^ interaction terms in the heterotic superstring theory at two 
loops {g=2 <-> n=3). The problem of renormalization will be discussed in 
a separate publication ||8| . Our goal is to extract the effective action from 
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the six-point scattering amplitudes. The paper is organized as follows. 
In Section 2, we outline the strategy and explain some technical points. 
In Section 3, we study the simpler case of F'^ terms and show how the 
TT{tsF'^) structure arises as a consequence of Riemann identity. In Sec- 
tion 4, we discuss the terms for the field strengths associated to the 
Cartan subalgebra of £'0(32). The result turns out to be different from 
the expression obtained by expanding the Abelian Born-Infeld action. In 
Section 5, we extend our results to the full SO(32) field strength. We 
parameterize the two-loop F^ Lagrangian in terms of a few constants 
related to certain scattering amplitudes. In Section 6 we recapitulate the 
results in the context of Type I - heterotic duality. 

2 Generalities 

At first sight, two-loop computations of heterotic scattering amplitudes 
seem to be more challenging than analogous tree-level computations in 
Type I superstring theory. There is however, an important simplification 
which is due to the form of gauge field vertex operators. In the 0-ghost 
picture the heterotic vertex operator for a gauge boson of momentum 
p and polarization e is: 

V{e,p;z,z) = :{e-dX + ip-iPe-ip)re'P-^: , (1) 

where ip^s are the spacetime fermions and J" is the left-moving Kac- 
Moody current. At genus one and higher, summations over spin struc- 
tures always require some number of ^ insertions in order to avoid can- 
cellations due to Riemann identities in the CP even sectors or to saturate 
zero modes in the CP odd sectors. These insertions are provided by the 
fermionic part of (|l|) which involves a momentum factor and creates di- 
rectly the gauge field strength F^i, . This facilitates the task of identifying 
the corresponding terms in the low-energy effective action, in compari- 
son to Type I theory at the tree level, where the momentum dependence 
arises also from the bosonic contractions involving the e*^'^ factors that 
yield hypergeometric functions and often require momentum expan- 
sions and elimination of reducible contributions before constructing a 
gauge invariant low-energy action. For amplitudes involving five or more 
gauge bosons it becomes a very laborious procedure. 

In this paper, we focus on the CP even part of scattering ampli- 
tudes. We analyze the kinematic configurations that lead to amplitudes 
amenable to simplification by using the two-loop bosonisation formulae 
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IjT^ or equivalently, the Fay trisecant identity ||TT|, |T^. We identify a 
set of amplitudes that vanish as a consequence of generahzed Riemann 
identity that is as a result of spacetime supersymmetry. On the 

effective field theory side, we make an ansatz for the non-Abelian Born- 
Infeld action as a series consisting of Tri^^" terms with a single £'0(32) 
gauge trace Tr in the defining representation and with all possible 50(10) 
Lorentz group contractions. Such an action contains, for instance, 4 in- 
equivalent F'^ terms, 31 inequivalent terms etc. By comparing the 
vanishing amplitudes with this form of NBI action, we derive certain re- 
lations between the coefficients of various terms and parameterize the 
solution in terms of a smaller number of constants. These constants can 
be in principle calculated from superstring theory, although in practice 
it may be quite a difficult task since as we shall see later on, beyond 
the F'^ order, the relevant amplitudes couple non-trivially the left- and 
right-moving sectors, therefore they do not seem to have a topological 
character. 

When the gauge boson vertex operators are inserted on a genus 2 
Riemann surface in the 0-ghost picture ([l|), the amplitude involves also 
2 picture-changing operators (PCOs) 

y = -^e'^V • 5^ + ghost terms, (2) 

where cp is the free scalar bosonizing the superghost system [|[. These 
operators can be inserted at arbitrary points xi and X2- Thus we will 
study the following correlation functions: 

2n 

{Y{xi)Y{x2)llV{e^,pi;zi,Zi)) . (3) 

i=l 

We will first focus on the contributions involving the "matter" part of 
PCOs, i.e. the term shown explicitly in Eq.(^) and the fermionic part of 
gauge boson vertices ([l|). Since we are interested in F^" terms and now 
the vertices bring at least one power of momentum for each gauge boson, 
the momenta of the exponentials in (|l|) can be set to zero J3 Then the 
right-moving (superstring) part of these contributions acquires a generic 
form: 

2n 

(e'^^"'^e<^^"'^)5(V'(xi)-V'(x2)n^'^-V'(^^)e«-^(^*))5' (4) 

5 even i=l 

^In principle, this step needs some care, because the integration over the vertex positions 
Zi may lead to singularities from colliding points. These pinching effects, however, do not 
affect our discussion. 
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where the sum extends over even spin structures 6 and the eUipsis rep- 
resents some factors that do not depend on spin structures. All these 
correlators involve Riemann 0-functions. Before discussing them in more 
detail, let us recall that Riemann identity can be written in the following 
form ill: 



where 9s denotes the genus g ^-function of spin structure 5, a is an 
arbitrary (reference) spin structure and the phase factor 



{a\6) = e4^^('5i-"2-'52-"i) = ±1. 



The transformation of arguments is given by 
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Note that the sum is over all spin structures, at g=2 10 even and 6 odd 
ones. 

There is a specific choice of the PCO insertion points that is partic- 
ularly suitable for applying the Riemann identity (^). In the so-called 
unitary gauge |] 



14, |l^], the points xi and X2 are chosen such that 

Xi + X2 = 2Aa , 



(8) 



where is the Riemann ^-constant which represents the degree 1 divisor 
of half-differentials associated with the spin structure a jl2U. In this case, 



(9) 



and, as we shall see below, for certain kinematic configurations, the su- 
perstring amplitudes (Q) look exactly like the l.h.s. of Eq.@. 



3 F from 4-point amplitudes 

The heterotic F'^ terms have been discussed before in many places, at 
one-loop 0] and, to certain extent, at two-loop level |lG,[l^, |lj], however 
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it is instructive to discuss them here as a preparation for studying F^. 
The NBI ansatz has the form: 



•^4 ^l'^aia2'^Oi:2Ct3-^ctsQ4-^a4ai ~1~ '^2-^ciia2-^CK3Ce4 -^0:203-^0401 

+^3 -^0102-^/31/32-^0201-^/32/31 + ^4 -^0102-^0201 -?^/3i/32-^/32/3i ) (10) 

with the understanding that the 50(32) gauge field strength matrices 
are taken in the defining representation and one, overall SO{32) trace Tr 
is taken of the whole expression. It is very convenient to display these 
contributions diagrammatically, by drawing points on the corners of a 
square indicating the position of the -F-factors in the trace, and with the 



solid lines representing Lorentz contractions [20|, see Fig.l. Thus ai is 
the coefficient of the square diagram, a2 is the bow tie, 03 the cross, and 
04 the two parallel lines. It is important to keep in mind that as far as 
the gauge group indices are concerned, all these diagrams represent one 
type of contraction which, in the same spirit, could be represented as a 
square. 



Figure 1: Diagrammatic representation of the four terms in Eg. ([T0|) . 

In the heterotic amplitudes, the structure of gauge group factors is 
governed by the correlator of left-moving Kac- Moody currents. Without 
going into detail, we can focus on one particular contribution with the 
square contraction of gauge indices. 

The dependence of the amplitude (Q) on spacetime momenta and 
polarizations is governed by 

4 

Zs(x,z;p,e) = {a\5) 0s{O)~^ {■4'{xl)■^p{x2)Y\_P^■'4'iz^) ^i-4'{zi))5 ■ (H) 

i=l 

Note the prefactor coming from two-point function (^); all spin structure 
dependent contributions are now contained in Zs. For an arbitrary kine- 
matic configuration, the fermionic correlator generates a large number 
of terms, with the scalar products of polarization vectors and momenta 
dictated by Wick contractions. For our purposes, it is convenient to split 
D=10 spacetime into five complex planes so that within each plane 

p ■ ip = p^Tp + p'^ijj . (12) 
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The two-point fermion correlation function is given by jlO|]p| 

Zs{z, w) = {'4){z)ii{w))5 = 6siz - w) E{z, , 



(13) 



where E{z, w) is the prime form (antisymmetric in z ^ w) ||T^ . A generic 
contribution to Zs involves 5 position-dependent theta function factors - 
too many for a direct application of Riemann's identity (^). One way to 
reduce the number of position-dependent theta functions is to use Fay's 
trisecant identity |jll|, |T^] : 

Zs{zi,Wi)Zs{z2,W2) - Zs{z2,Wi)Zs{zi,W2) = ^^(O) Zs{zi, Z2, Wi, W2) , 

(14) 

where, for 2 and more (distinct) points, Zs is defined as the chiral deter- 
minant amplitude [|l^ 



Zs{zi, . . . ,Zm,Wi, . . . ,Wm) 



{lp{zi) . . . 'lp{Zm)lp{wi) . . . 1p{Wm))6 



^5(0)^-™det 



Wn 



E{zi,Wj) 



(15) 



Y\ E{zi, Zj) Y[ E{wi, Wj) 

I «<£ K? 

Y[E{zi,Wj) 



Here, we will proceed in a slightly different way, by selecting kinematic 
configurations that lead directly to chiral determinants of Eq.(15), there- 
fore contain a smaller number of position-dependent theta functions from 
the outset. This is mathematically equivalent to using Fay's identity, but 
is more convenient for comparing with the low-energy Lagrangian (10). 

Consider the momenta and polarization vectors of the four bosons 
distributed on 3 complex planes as follows: 



Pi P2 P3 Pa 



ei £2 



(16) 



£3 £4 



Due to orthogonality, only a limited number of fermion contractions con- 
tribute now to the amplitude (0). Note that the two PCO fermions 



^This function is defined as the Polyakov path integral, without the 6*^(0) ^ normalization 
factor, which is different from the conventions used in [|^. 
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can be contracted between themselves or with the fermions in one of 
the planes. These two types of PCO contractions are called "split" and 
"non-split," respectively |14]. We first discuss the non-split case and, to 



be specific, we pick up the part of ip{xi)-ip{x2) from the plane associated 
to (e3,e4), so that the fermion correlator factorizes as 

4 

{a\6) ^5(0)-i(J]pi-^(^i))(erV'(^i)e2-V'(^2))(V'(^i)-V'(x2)e3-^(^3)e4-^(^4)) 

i=l 

(17) 

Once the scalar products are written in the complex basis, c.f. Eq.(|T2|), 
each plane contributes a combination of chiral determinants ([l5|). Let 
[{pfptpfpf){^f^t)i^3'^f)] denote coefficients of the respective kinematic 
factors. We are particularly interested in 

[{Pl P2 Pt Pi 4) ((^3 4 )]non-spm = 

^ 'a\S) 9siO)O5{zi-Z2+Z3-Zi)0s{z2-Zi)0s{xi-X2+Z4-Z3) 



5 even 



+ (xi ^ X2) . (18) 



Note that since the two "empty" planes bring two additional determi- 
nants ^5(0), we are left with just one ^5(0) factor. Although the sum 
is over the even spin structures only, it can be formally extended to all 
spin structures because Os{0) = for odd 5. At this point, we can apply 
Riemann's identity (|5|) to obtain 

[ {ptP2PtP4 )i^l4)i^3 4)] non-split = 
9a{'^a-X2)0a{^a-Xl+Zi-Z2+Zs-Z4)9a{^a-Xl+Z2-Zi)6a{^a-X2+Z4:- 

where we used the relation (^). Since 

9a{A^ -z)=0 (20) 

for any point z on the Riemann surface, the first factor on the r.h.s. of 
( [T^ ) gives zero, therefore the PCO contractions with fermions associated 
to the (€3,64) plane do not contribute to the kinematic factor under 
considerations. Similar arguments apply to {pi,P2,P3,P4:) and (ei,e2) 
planes. 

We now turn to the split contributions of PCO fermions associated 
to two orthogonal ("empty") planes. The two fermions at xi and X2 are 
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now contracted with each other and we obtain 



[iPlP2 P3P4. 4)(e3 4)]split = 

... ^ {a\6) 9sixi-X2)Osizi-Z2+Z3-Z4)0s{z2-Zi)9sizi-Z3) 
(5 even 

+ {XI^X2). (21) 

The Riemann identity, apphed to the sum over all spin structures, gives 

^(aj5) Os{xi-X2)Osizi-Z2 + Z3-Z4,)esiz2-Zi)0s{z4-Z3) = 
5 

9aiAa-X2)9a{^a-X2+Zl-Z2+Z3-Zi)9a{^a-X2+Z2-Zi)6a{Aa-X2+Z4-Z3) 

= 0, (22) 

where we used Eq.(pO[) again. Interchanging xi and X2 one finds similarly 
a zero result therefore the sums over even and odd spin structures, which 
correspond to the l.h.s. of Eq.(p2[) symmetrized and antisymmetrized 
in (xi,X2), respectively, must vanish separately. Hence for the present 
kinematic factor, the split PCO fermion contributions give zero result. 
Note that, in principle, the ghost parts of PCOs could give rise to non- 
vanishing self-contractions however, as shown by Lechtenfeld and Parkes 
|14| , the structure of such terms is very similar to those of split fermions 
so if the latter are zero by Riemann identity, the ghost contractions cancel 
as well. Thus 

[{ptP2PtP^)i^i4)i^34)] = 0. (23) 

So far our discussion has been limited to the fermionic parts of gauge 
boson vertices (Q). However, if one or more fermion bilinears are replaced 
by bosons, the correlators involve a smaller number of spin structure- 
dependent theta functions and all arguments based on the Riemann iden- 
tity remain valid. In particular, Eq.(^) holds for the full superstring am- 
plitude. Furthermore, it is obvious that all kinematic factors obtained 
from the present one by permuting the gauge boson indices (1,2,3,4) are 
also vanishing. We will show that this information is completely suf- 
ficient for determining the coefficients of NBI ansatz (|lO| ) modulo one 
multiplicative constant. 

In order to obtain the scattering amplitudes from the NBI ansatz 



(IC), we apply the following procedure. First, inside each of F terms. 



we label F's by the indices j = 1, 2, 3, 4, for instance 
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Next, in Eq.(|To|) we substitute 



—>- {Pja^jP —Pj(3^ja)^j , (25) 

where Xj is the SO{32) charge oi j^^ gauge boson (a matrix in the defin- 
ing representation). Finally, we symmetrize in the indices (1,2,3,4). Note 
that the symmetrization gives rise to gauge group traces ordered in all 
possible ways, so one particular gauge group structure, like the square 
contraction, accompanies a kinematic factor corresponding to a cyclic 
orbit. After rewriting the scalar products in the complex basis, we can 
extract the relevant kinematic coefficients and compare with Eq.(|2^) and 
its permutations. In this way, we obtain one equation per each permuta- 
tion, however only three of them are linearly independent: 

ai -|- 2a4 = 

02-^404 = (26) 
0-2 + 8a3 = . 



Their solution can be written as 

a a 

ai = a 02 = 2a 03 = — - 04 = — - , (27) 

where a is an arbitrary constant. The corresponding combination of 
terms is the well-known tg contraction that appears already at the 
one loop level [^,0. As emphasized by Tseytlin |2^, this combination 
can be obtained by the "symmetric trace" prescription from the Abelian 
Born-Infeld action. At one loop, the coefficient a = ^ is related to 
Green-Schwarz anomaly. The fact that the ts combination reappears at 



higher loops has been known already for some time ||1^, 17, |1J] but only 
recently [^, we have explicitly shown that a = at two loops. The 
derivation of relations (^6|) from Riemann identity has been presented 
here as a warm-up for the more complicated case. 



4 Abelian 

A complete discussion of F^ terms will be given in the next section. 
Since the bottom line will turn out to be quite surprising, we chose to 
first discuss the field strengths associated to 50(32) Cartan subalgebra 
generators. The most general Abelian action for one of these generators 
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reads: 



Cra — h F F F F F F 

+ I -^aia2-^02ai-^/3i/32 -^7172 -^7271 -^/32/3i • (^8) 

The diagrams representing these terms are shown in Fig. 2. Thus h is 
associated to the hexagon, s is the square contraction accompanied by a 
hne and / is associated to three hues. 



Figure 2: Diagrammatic representation of the three terms in Eg . (|28|) . 

For the commuting generators, the correlator of Kac-Moody currents 
is completely symmetric in the vertex positions Zi. From the superstring 
side of gauge boson vertices, we first pick up the purely fermionic parts 
and focus on "split" contributions. The fermion contractions give rise to 
three types of terms: 

6 

H = \[(fzi...Y,i<^\^)^M'^G5{xi-X2)x 

i=l Seven 

ds{zi-Z2)0s{z2-Z3)0s{z3-Zi)esizi-Z5)6s{z5-Z6)6s{z6-Zi) (29) 
6 

s = J ll(fzi...Y,{(^\^)0sior^esixi-x2)x 

1=1 (Seven 

d5{zi-Z2)0s{z2-zi)6s{z3-Zi)es{zi-Z5)6s{z5-Z6)6s{zQ-Z3) (30) 

6 

L = l[d^Zi...Y,{(^\^)^s{0r^0s{xi-X2)x 

i=l (Seven 

d5izi-Z2)Os{z2-Zi)6s{z3-Z4)esiz4-Z3)0siz5-ZQ)6s{z6-Z5) (31) 

The above expressions can be represented diagrammatically as on Fig. 2, 
but now with theta functions instead of F^s and the arguments Zi—zj 
playing the role of Lorentz indices. We will show below that 

H = 0, L = -3S. (32) 
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In order to prove Eqs.(|32[), we start from Riemann identity applied 
to two sets of theta function arguments: 



-X2) 



-, ^ 
S even 

0s{zi+Z5-Z2-ZQ)es{z2+Z4-Z3-Z5)0siz3+Ze-Zl-Z4,) =0, (33) 



-X2) 



_^ X 
5 even 

9s{zi+Z2+Z3-Z4-Z5-Ze)9sizA-Z3)6s{z5+ZQ-Zl-Z2) = 0. (34) 



Both equations follow from Eq.(|5p after using Eq.(pOD and symmetriza- 
tion in xi,X2- Theta functions of arguments involving more than two 
points can be expressed in terms of the basic two-point functions by 
using the chiral determinant formula (^), giving rise to the products 
appearing in the integrands of Eqs.( p9[]3l| ), modulo some permutations 
of the integration variables. Taking into account the symmetry of full 
integrands under these permutations, we obtain: 

3H + 3S + L = 0, (35) 
4H + 6S + 2L = 0. (36) 

Eq.(^) is the solution of the above equations. 

Since the Lorentz contractions in kinematic factors arise from the 
world-sheet fermion contractions, the integrals of Eqs.(29-3l|) are directly 



related to the coefficients of the effective action (Pq). It is a matter of 
simple combinatorics to show that 

h = -, s = -, 1 = —. (37) 

12 32 ' 384 ^ ' 



Although the proof Eq.(pj^) has been given for the "split" terms only, 
similar arguments apply to all "non-split" contributions to the three types 
of kinematic factors. Hence Eq.(|32|) is valid for the full string amplitude 
and 

/i = 0, s = -Al. (38) 

The above result, which will be rederived in the next Section as a limit 
of the full non-Abelian action, is quite surprising. The low-energy action 
turns out to be different from the one obtained by expanding the Born- 
Infeld Lagrangian ||l|: h = j^, s = — and / = ^ (or H=L=—S=1). 
It has been previously argued in [18| that the only form of terms 



allowed in D=W by A^=l supersymmetry is the above Born-Infeld com- 
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bination.^ The result (^) seems to contradict this claim miless the two- 
loop coefficient vanishes exactly after combining all contributions, which 
is obviously consistent with supersymmetry because F'^ together with 
the related fermionic terms form a complete super invariant. However, 
the arguments of [|l8| rely on one specific form of supersymmetry trans- 
formations, therefore a careful examination of their possible deformations 
is required before jumping to the conclusion that this is indeed the case. 
Note that when trivially compactified to Z)=4, Eq.(|38|) agrees with the 
supersymmetric Born-Infeld Lagrangian the Lorentz hexagon de- 

generates in D=A. In either case, we find that already in the Abelian 
limit, the heterotic two-loop result does not match the tree-level Type I 
theory. We will discuss this discrepancy later. 



5 Non- Abelian 

The most general, single-trace non- Abelian action contains 31 terms 
with various Lorentz contractions and orderings of F's. 28 of them can 
be generated from the diagrams shown in Fig. 2 in the following way |20|. 



First, the corners are enumerated by 1 to 6 in the clockwise order, start- 
ing from the north-west corner. Then the corners are permuted in certain 
ways, producing new diagrams. Instead of drawing these diagrams (they 
can be found in Ref.[^0|), we prefer to list the relevant permutations in 
Table 1. Their coefficients will be denoted by i = 1, . . . , 14, s(j), 
j = 1, . . . , 9, and and l{k), A; = 1, . . . , 5, for the diagrams generated by 
the hexagon, square plus one line, and three lines, respectively. In ad- 
dition, there are 3 purely non-Abelian diagrams, shown in Fig. 3, whose 
coefficients will be denoted by t{n), n = 1,2,3. The triangles are com- 
pletely antisymmetric with respect to the ordering of F's, therefore they 
vanish for the commuting generators. 



Figure 3: Diagrams representing three purely non-Abelian terms. Their coeffi- 
cients are, from left to right, t(l), t(2) and t(3). 



■^We are grateful to Arkady Tseytlin for bringing this problem to our attention. 
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M2) 
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(12)(34)(56) 
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(13)(56) 
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(132)(45) 
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(34) 


/(I) 
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h{A) 


(46) 


Mil) 


(3564) 


s(4) 


(23) 


/(2) 


(46) 


M5) 


(13)(45) 


h{l2) 


(36) 


s(5) 


(23) (45) 


/(3) 


(24) 


M6) 


(34) (56) 


/i(13) 


(364) 


s(6) 


(23)(56) 


/(4) 


(23)(56) 


M7) 


(3465) 


h{lA) 


(23564) 


s(7) 


(24) (56) 


/(5) 


(34) 



Table 1: List of permutations generating 28 Lagrangian terms from three basic 
diagrams of Fig. 2. "CoefF' are their coefficients while "Perm" are the generating 
permutations in the standard cycle notation. 



We will proceed from here in the same way as in the case. We 
will identify a class of kinematic factors whose coefficients vanish due 
to Riemann identity. By comparing these zeroes with the corresponding 
field-theoretical amplitudes, we will obtain a set of equations relating 31 
coefficients of the effective action. 

In order to identify the vanishing coefficients we first consider the 
momenta and polarization vectors of six gauge bosons distributed in 3 
complex planes as follows: 

Pi P2 P3 Pa P5 P6 

ei £2 (39) 
£3 e4 es eg 

The vanishing coefficients are 

[{ptP2PtP4PtP6)i^l4)i^3 4^5 4)] = (40) 

and all its permutations in gauge boson indices (1,2,3,4,5,6). Eq.(|40|) can 
be verified for both "split" and "non-split" contributions by essentially 
the same methods as Eq. (|2^ ) , the only difference being that now one has 
to deal with bigger chiral determinants. When all these kinematic factors 
are compared with the amplitude computed by using the most general 
action, one finds that 17 combinations of the Lagrangian coefficients 
must be zero. These combinations are listed in Eq.(^3|) of Appendix A. 
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The second kinematic configuration is 



ei £5 P2 P6 



€2 £4 P3 P5 (41) 



£3 €6 Pi PA 

Now the zero coefficients are 

[(44p2P6)(44p3P5)(44pIP4)] = (42) 

and its permutations. After comparing with the general form of the 
ampUtude, we find 14 more vanishing combinations which are listed in 
Eq.(||) of Appendix A. 

Before discussing the solution of the combined system of constraints 
consisting of Eqs.(|53|) and (|5^), we would like to make a connection with 
the Abelian case. Note that adding Eqs.(|53) yields 



14 9 5 

3^/i(i) + 8^s(i) + 32^/(A:) = 0, (43) 

1=1 j=l k=l 



while the sum of Eqs.(^) is 
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6^/i(«) + 24^s(i) +96^/(A:) = 0. (44) 

i=l j = l k=l 

For the commuting generators, the non-Abelian action acquires the form 
of (HI), with 

14 9 5 

1=1 j=l k=l 

Eqs.(|3[g|) agree with Eqs. (|35[]3^ ) describing the U{1) Cartan subalge- 
bra sectors of the full 50(32) theory. Thus we confirm our previous 
conclusion that the two-loop effective action of the heterotic [[/(l)]^^ 
gauge bosons is different from the Born-Infeld action; in particular, the 
Lorentz hexagon term disappears {h = 0) in the Abelian limit. 

It is a matter of simple algebra to show that Eqs.(p3[) and ( |5^ ) contain 
only 19 independent combinations. Thus all effective action coefficients 
can be parameterized in terms of 12 constants. The choice of the basis is 
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completely arbitrary, however it is natural to single out the purely non- 
Abelian coefficients t{l), t{2) and t(3) and, for the remaining 9 constants, 
to select some combinations that are directly related to certain scattering 
amplitudes. They are: 



c(l) 


= 41 


:i) +6/(2) + 


.(1) 


c(2) 


= 41 


:i) +2/(5) + 


.(2) 


c(3) 


= 61 


;2) + 2/(5) + 


.(3) 


c(4) 


= 41 


^5) + s{4) 




c(5) 


= 41 


[4) + 2/(5) + 


.(5) 


c(6) 


= 41 


[4) + 2/(5) + 


s{6) 


c(7) 


= 21 


;i) + 2/(4) + 


s{7) 


c(8) 


= 61 


;3) + 2/(4) + 


s{8) 


c(9) 


= 21 


;i) + 6/(3) + 


s{9) 



The problem of evaluating these constants will be discussed in Appendix 
B. The corresponding amplitudes are complicated because they involve 
nontrivial coupling between the left- and right-movers and, unlike some 
tractable higher genus amplitudes , they do not seem to have a simple 
topological origin. In the present basis, the solution of Eqs.(|53|) and ( |5^ 
reads 

h = ChC + Tht s = CsC + Tst l = Cic + Tit (47) 

where C^^g^i and T/^ / are matrices whose explicit form is given in Eqs.(p^ 
|60| ) of Appendix A. As seen from the result, they are quite complicated, 
although it is possible that a detailed analysis utilizing permutation the- 
ory could reveal some interesting structure. While we could not find a 
simple explanation for the c-dependence, the t-dependence of the solution 
(|47| ) has an interesting interpretation that will be discussed below. 

As mentioned before, the terms represented by the triangle dia- 
grams of Fig. 3 disappear without a trace when one considers the Cartan 
subalgebra sector, therefore they provide an interesting example of a 
genuine non-Abelian structure. By using the antisymmetry of Lorentz 
contractions, they can be rewritten as 

o • • • o o 

^Gt = /^(l) -^/3i/32-^cno2^"2a3-^a3"i-^/32/33^/33/3i 
o • • o • o 

+ i(2)-F/3i/32-^aia2-^a2a3-^/32/33-^a3ai-^/33/3i (^8) 
• o • o • o 

+ t(3) i<"Q-j^Q-2i*/3i/32-^0203-^/32/33-^a30i-^/33/3i 

where the circles over the gauge field strength matrices mark antisym- 
metrization in their positions, in two separate sets labeled by full and 
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empty circles, respectively. This can be represented by dressing the orig- 
inal diagrams with circles, as shown in Fig. 4. According to Eqs.(^7|), 





Figure 4: The diagrams of Fig. 3 are dressed with circles which label the two 
antisymmetrization sets. 



the relation of h, s, I coefficients to t(2) and t(3) is determined by 
the matrices Th^s,i given in Eqs.(^8[^^. A closer look at these matrices 
reveals a simple pattern. The Lagrangian terms with three-line Lorentz 
contractions can be written as: 



■-6Z — ^^(f ) ^«i02^020i-^/?i/32-^7i72-^727i-^/?2/3i 
^ o • • o • o 

-foiQ!2-^020i-^/3l/32 -^7271-^7172-^/32/31 
3 • o • o • o 

~7^(3) -^0i02-^020i-^/3l/32-^727i-^7l72-^/32/3i 



(49) 



They are represented in a schematic way in Fig.|5[ where the antisym- 
metrizations are depicted by inscribing the triangles of Fig.^ into the 
three-line diagram. The Lagrangian terms with Lorentz contractions 



c 


H < 




© — 


^ < 


1 • 



Q • 



• * 



Figure 5: Diagrammatic representation of Cqi, Eq.(H 






Figure 6: Diagrammatic representation of Cqs, Eq.(|50| 
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related to the square plus one line can be written as 



Q o • • • o o 

Q o • • o • o 

~ 2 ^ ) 1 ^"2 -^03 Q4 -^0203 ^01 02 ^02 01 -^04 ai 
Q • o • o • o 

~ 2^^^-^ ^(^1^2^a3(^4:^Ct2a3-^0102^0201^<^4Ctl ' 

see Fig.|6|. Finally, there are two types of hexagon-like terms: 

o • • • o o 

9t(l) -^Q;]^ 0:2-^0:20:3^0:30:4 ^0:405-^0506 ^'^e'^i 
o • • o • o 

—Qf(2) F F F F F F 

V / 0102-*^ 0203 -'^ 0304 -'^ OsOg-*^ 0405-*^ OfiOi 

• o • o • o 

9t(3) -^0:2^02-^0203-^0601-^0405-^0506-^0304 5 



(50) 



(51) 



-6/1' 



3t (1) -^Oi02 -^0203 -^060i -^0405-^0505-^0304 



+3t(2) 



0:203 ^ olqol 



505-1 0405-1 0304 



+ 3t(3) -?*oi02-^0203-^0304-^0405-^C 



7? 

0506-1 0601 



(52) 



They are represented in Figs.|7| and respectively. Eqs.(48-52|) contain 
a closed subset of Lagrangian terms in A^=l supersymmetric SO (32) 
gauge theory describing the low-energy limit of Z)=10 heterotic super- 
string. 





Figure 7: Diagrammatic representation of C^h, Eg. (pl|) 






Figure 8: Diagrammatic representation of C^h'-, Eq.(^ 
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A technical comment is in order here. We derived our equations in 
the unitary gauge (^). For a different choice of the PCO insertion points 
{xi,X2), the correlation functions could change by a total derivative term 
(w.r.t. to the moduli space of the genus two Riemann surface) The 
latter would vanish after integration over the moduli space provided there 
is no contribution from the boundary. We checked that our equations do 
not receive corrections from such boundary terms. Their corresponding 
factorization limits vanish as a consequence of Riemann identities. Thus 
they are valid for any gauge choice. 

6 Conclusions 

When a new theory is formulated, it is important not only to verify its 
content, but also to test its limitations. Our original motivation for the 
two-loop heterotic computations was to obtain the Non-Abelian Born- 
Infeld action for Type I superstring theory. Naively, this looked like a 
straightforward application of superstring duality |P, ^ but the results 
turned out to be quite surprising. Once we managed to determine the 
two-loop heterotic terms, we found that their structure is fundamen- 
tally different from any form of Born-Infeld generalization. Namely, when 
the gauge group generators were restricted to the Cartan subalgebra, we 
obtained an action which did not agree with the weak field expansion of 
Abelian Born-Infeld theory. Before offering some explanations, we would 
like to recall the origin of this result. 

Our conclusions rely on the Riemann theta function identity (|5|) which 
reflects supersymmetry in superstring scattering amplitudes. The dis- 
agreement with the Abelian Born-Infeld action first appears in Eqs.(|35D 
and (^) as a consequence of this identity. To be more precise, while 
Eq.(p3) is still consistent with the Born-Infeld values H=L=—S=1, 
Eq.(^) is not. The latter reappears later at the non- Abelian level as 
Eq.(E3), the sum of 14 Eqs.(^) describing the vanishing kinematic fac- 
tors (^2|). Hence, as far as superstring amplitudes are concerned, Eq.(p2|) 
is technically responsible for a conflict with Born-Infeld theory. 

Looking at our efforts in a broader perspective, it becomes clear that 
the interaction terms have a different character than the well-known 
F^ terms. As shown in Section 2, the TT:{tsF^) structure follows from 
supersymmetry, and the scattering amplitude that determines the over- 
all normalization is a "BPS-saturated" amplitude which has a topological 
character. It is related to Green-Schwarz anomaly; the two-loop contribu- 
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tion vanishes in agreement with the well-estabUshed non-renormaUzation 
theorems |^] . The two- loop heterotic terms are also constrained by su- 
persymmetry. While the most general ansatz contains 31 constants, the 
use of Riemann identity allows parameterizing it by only 12 constants. 
In Section 4, we discussed some properties of this effective action. What 
makes truly different from F'^ is that the corresponding amplitudes 
are not "BPS-saturated" - they exhibit non-trivial couplings between 
the left- and right-movers, as shown explicitly in Appendix B. Thus the 
F^ terms are sensitive to the full spectrum of superstring theory and 
the comparison of dual descriptions may be quite subtle. So far all in- 
vestigations of string amplitudes in the context of duality symmetries 
have been limited to couplings where only short (and intermediate [p3| ) 
multiplets contribute. Understanding how superstring duality works for 
generic amplitudes would certainly improve our understanding of super- 
string dynamics. 
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A Solution 



The 17 hnear combinations of Lagrangian coefficients that vanish as a 
consequence of Eq.(|40|) are: 



6/i(l) + 4/i(4) + 3/i(9) + 16/(1) + 24/(2) + lOs(l) + 4s(9) 
h{2) + h{3) + h{6) + h{8) + 24/(2) + 8/(5) + 2s(l) + 6s(3) + 2s(4) + 2s(6) 
/i(2) + /i(3) + /i(5) + h{7) + 16/(1) + 8/(5) + 2s(l) + 4s(2) + 4s(4) + 4s(7) 
/i(2) + h{5) + /i(6) + /i(8) + 24/(2) + 8/(5) + 2s(l) + 6s(3) + 2s(4) + 2s(5) 
h{2) + h{3) + h{5) + /i(6) + 24/(2) + 16/(1) + 4s(l) + 2s(2) + 4s(3) + 4s(7) 
2/i(10) + h{ll) + 2/i(12) + 2/i(13) + 16/(1) + 8/(5) + 6s(2) + 2s(5) + 2s(6) + 4s(9) 

h{2) + h{3) + h{7) + h{8) + 16/(5) + 2s(2) + 2s(3) + 6s(4) + 2s(6) 
h{ll) + 2/i(12) + 2h{U) + 2/i(14) + 16/(4) + 8/(5) + 2s(2) + 2s(5) + 6s(6) + 4s(8) 
h{5) + h{6) + h{7) + h{8) + 16/(4) + 8/(5) + 2s(3) + 2s(4) + 4s(5) + 2s(6) + 4s(7) 
h{3) + hie) + hi?) + h{8) + 16/(4) + 8/(5) + 2s(3) + 2s(4) + 2s(5) + 4s(6) + 4s(7) 

h{2) + h{5) + h{7) + h{8) + 16/(5) + 2s(2) + 2s(3) + 6s(4) + 2s(5) 
2/i(10) + /i(ll) + 2/i(12) + 2/i(14) + 16/(4) + 8/(5) + 2.s(2) + 6s(5) + 2s(6) + 4s(8) 
h{3) + h{5) + h{6) + h{7) + 16/(1) + 16/(4) + 2s(l) + 2s(2) + 2s(5) + 2s(6) + 8s(7) 
h{W) + h{ll) + /i(13) + 8/(1) + 24/(3) + 2s(2) + 4s(8) + 4s(9) 
h{W) + h{ll) + h{U) + 24/(3) + 8/(4) + 2s(5) + 6s(8) + 2s(9) 

2/i(4) + 3/i(9) + 8/(1) + 24/(3) + 2s(l) + 8s(9) 
h{ll) + h{13) + h{U) + 24/(3) + 8/(4) + 2s(6) + 6s(8) + 2s(9) 

(53) 



The 14 combinations that vanish as a consequence of Eq.(42) are 



3h{l) + h{6) + 8/(1) + 2s(l) + 2s(7) + t(l) 
2h{2) + h{8) + 8/(5) + 2s(3) + 4s(4) - 2t(l) 
h{3) + h{12) + 8/(4) + 2s(6) + 2s(7) + t{l) 
h{5) + h{12) + 8/(4) + 2s(5) + 2s(7) + t{l) 
/i(4) + h{W) + h{13) + 24/(3) + 2s(8) + 4s(9) - t{l) 
h{2) + 3/i(9) + h{ll) + 16/(1) + 2s(l) + 2s(2) + 4s(9) + t{2) 
2h(6) + 2h{U) + 8/(5) + 2s(3) + 2s(5) + 2s(6) - t{2) 
h{3) + 2h{4) + h{5) + 24/(2) + 4s(l) + 2s(3) - t{2) 
h{5) + h{7) + 2/i(13) + 8/(5) + 2s(2) + 2s(4) + 2s(6) + t(2) 
h{3) + h{7) + 2/i(10) + 8/(5) + 2s(2) + 2s(4) + 2s(5) + t(2) 
h{8) + 2/i(ll) + 16/(4) + 2s(5) + 2s(6) + 4s(8) - t{2) 
h{7) + /i(12) + 8/(1) + 2s(2) + 2s(7) + 3t(3) 
/i(14) + 8/(3) + 2s(8) -t{3) 
h{8) + 8/(2) + 2s(3) - 2t(3) 



(54) 



The matrices describing the solution (|47|) of the full set of constraints 
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are given by: 
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(59) 
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^ / -1 1 -2 2 \~ 
Ti = -[ 1 -I 1 -1 , (60) 
\2-3 10 0/ 

where the tilde symbol denotes matrix transposition. 



B Evaluation of the Amplitudes 



The coefficients c(n), n = 1,...,9, defined in Eqs.([46|) which, together 
with t{k), fully determine the two-loop heterotic action, are directly 
related to certain scattering amplitudes. In order to illustrate some gen- 
eral features of these amplitudes, we discuss here one specific class of 
contributions to c(l). This coefficient can be extracted by considering 
the following kinematic configuration: 

ei £2 Pi P2 



£3 €4 €5 €6 (61) 



P3 Pa P5 P6 

Then 

c(l) = 'i[{pi-P2Kere2){ptplptPe)(^3 4^5 4)]- (62) 

There are many "split" and "non-split" contributions to this coefficient. 
For the moment, we focus on the "non-split" correlator 

A{z,x) = {^{zMz2)f{^{zMz5mzMz6)) 

X{ij{z4)ij{z6)i^{xi)llj{z3)7p{z5)ll>{x2)) , (63) 

involving the PCO fermions associated to the {P3,P4,P5,P6) plane. It 
yields the sum 

... ^ {a\S)ej{zi-Z2)Os{z4,+ZQ+Xi-Z3-Z5-X2)0s{z3+Z5-Z4,-ZQ), 
S even 

(64) 

which, upon applying the Riemann identity (||), gives 

'"'^S^^'^^l 9a{zi+Xi-Z2-Aa)0a{z2+Xi-Zi-Aa) 
■ ..E\Zl,Z2) 

X ea{zi+ZQ+Xi-Z3-Z^-Aa)0a{z3+Z5+X2-Z4^-ZQ-Aa) ■ (65) 



23 



Theta functions of such arguments are related to the correlators of spin-1 
b-c system [10|. By using the bosonisation formula, we obtain 



A{z,x) 



^1(24) ^2(^4) 



UJl{z2) UJ2{Z2) 
Wi(xi) i02{xi) 



I^Z3{xi,z^)Kz^{x2.,z^) , (66) 



where u:i^2 inside determinants are the canonical basis of holomorphic 



1-forms and Kp{x,y) are Cauchy kernels The prefactor represented 
by the ellipsis does not depend on z's. 

It is clear from Eq.(|6^) that the evaluation of amplitudes is very 
different from the analogous computations. The function A{z,x), as 
well as the contributions of other right-moving correlators, both "split" 
and "non-split," involve non-trivial z-dependence. Due to the presence 
of Cauchy kernels, A{z^ x) is not symmetric under the permutations of 
z's, as contrasted to the analogous correlators in the F'^ case where all 
(potentially)^ non- vanishing amplitudes are completely symmetric. Thus 
the integration over the vertex positions is highly non-trivial due to the 
coupling of right-movers to the left-moving Kac-Moody correlators. The 
F^ amplitudes do not seem to have a topological origin. 
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